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Persistent homology
The first decade

The very beginning

H. Edelsbrunner et al., ‘Topological persistence and
simplification’
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Persistent homology
The first decade

Computing persistent homology in all dimensions

A. J. Zomorodian and G. Carlsson, ‘Computing per-
sistent homology’
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Persistent homology
The first decade

Hausdorff stability of persistence diagrams

D. Cohen-Steiner et al., ‘Stability of persistence dia-
grams’
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Persistent homology
The first decade

Mapper algorithm

G. Singh et al., ‘Topological methods for the analysis
of high dimensional data sets and 3D object recog-
nition’
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Persistent homology
The first decade

Barcodes

R. Ghrist, ‘Barcodes: The persistent topology of
data’
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Persistent homology

The first decade
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Multidimensional persistence

G. Carlsson and A. J. Zomorodian, ‘The theory of
multidimensional persistence’
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Persistent homology

The first decade
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Extended persistence

D. Cohen-Steiner et al., ‘Extending persistence using
Poincaré and Lefschetz duality’

20022003 2004 2005 2006 2007 2008 2009 20102011 2012

ves in Persistent Homology

Bastian Rieck

16 September 2019



Persistent homology
The first decade

Algorithms for computing multidimensional persistence

G. Carlsson et al., ‘Computing multidimensional per-
sistence’

20022003 2004 2005 2006 2007 2008 2009 20102011 2012

ETHziirich Perspectives in Persistent Homology — Bastian Rieck 16 September 2019




Persistent homology
The first decade

Lipschitz stability of persistence diagrams

D. Cohen-Steiner et al., ‘Lipschitz functions have Lp-
stable persistence’
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Persistent homology
The first decade

The book

Computational

H. Edelsbrunner and J. Harer, Computational topo-
logy: An introduction
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Persistent homology
The first decade

Efficient Vietoris-Rips complex construction

A. ). Zomorodian, ‘Fast construction of the Vietoris-
Rips complex’
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Persistent homology
The first decade

’ Mapper for breast cancer analysis

s —

M. Nicolau et al., ‘Topology based data analysis iden-
tifies a subgroup of breast cancers with a unique
mutational profile and excellent survival’
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Persistent homology
The first decade

Clustering meets persistent homology

F. Chazal et al., ‘Persistence-based clustering in
Riemannian manifolds’
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Persistent homology
The first decade

Connectivity analysis of the brain

H. Lee et al., ‘Persistent brain network homology
from the perspective of dendrogram’
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Persistent homology
The first decade

Persistence-based bandwidth selection

F. T. Pokorny et al., ‘Persistent homology for learning
densities with bounded support’
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Persistent homology
The first decade

’ Visual topological signatures ‘

B. Rieck et al., ‘Multivariate data analysis using
persistence-based filtering and topological signa-
tures’
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Persistent homology

The second decade (almost)

Mapper applications

P. Y. Lum et al., ‘Extracting insights from the shape
of complex data using topology’
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Persistent homology

The second decade (almost)

Sparse filtrations

D. R. Sheehy, ‘Linear-size approximations to the
Vietoris-Rips filtration’
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Persistent homology

The second decade (almost)

’ Classifying lesions using barcodes

A. Adcock et al., ‘Classification of hepatic lesions
using the matching metric’
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Persistent homology

The second decade (almost)

Persistence landscapes

P. Bubenik, ‘Statistical topological data analysis using
persistence landscapes’
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Persistent homology

The second decade (almost)

Persistence diagram vectorisation

M. Carriére et al., ‘Stable topological signatures for
points on 3D shapes’
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Persistent homology

The second decade (almost)

’ Persistence-based metric for dimensionality reduction

B. Rieck and H. Leitte, ‘Persistent homology for the
evaluation of dimensionality reduction schemes’
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Persistent homology

The second decade (almost)

Persistence scale space kernel

J. Reininghaus et al., ‘A stable multi-scale kernel for
topological machine learning’
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Persistent homology

The second decade (almost)

’ A universal persistence scale space kernel

R. Kwitt et al., ‘Statistical topological data analysis -
A kernel perspective’
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Persistent homology

The second decade (almost)

’ Multidimensional fingerprints for molecules

K. Xia and G. Wei, ‘Multidimensional persistence in
biomolecular data’
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Persistent homology

The second decade (almost)

’ Approximate metrics for persistence diagrams

M. Kerber et al., ‘Geometry helps to compare per-
sistence diagrams’

) —— 00— 00— 00— 00—

2013201420152016 201720182019

ETHziirich Perspectives in Persistent Homology — Bastian Rieck 16 September 2019




Persistent homology

The second decade (almost)

’ Persistence-based features for histology classification

Procedia

T. Qaiser et al., ‘Persistent homology for fast tumor
segmentation in whole slide histology images’

) —— 00— 00— 00— 00—

2013201420152016 201720182019

ETHziirich Perspectives in Persistent Hom

Bastian Rieck 16 September 2019



Persistent homology

The second decade (almost)

’ Persistence-based metric for cluster analysis

B. Rieck and H. Leitte, ‘Exploring and comparing
clusterings of multivariate data sets using persistent
homology’
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Persistent homology

The second decade (almost)

Grid-based persistence diagram vectorisation

H. Adams et al., ‘Persistence images: A stable vector
representation of persistent homology’

) — 00— 00— 00— 00—

2013201420152016 201720182019

ETHziirich Pers| ves in Persistent Homology — Bastian Rieck 16 September 2019



Persistent homology

The second decade (almost)

Approximating the Wasserstein distance

M. Carriére et al., ‘Sliced Wasserstein Kernel for per-
sistence diagrams’
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Persistent homology

The second decade (almost)

A persistence diagram layer for deep learning

C. Hofer et al., ‘Deep learning with topological sig-
natures’
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Persistent homology

The second decade (almost)

Link prediction

S. Bhatia et al., ‘Understanding and predicting links
in graphs: A persistent homology perspective’
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Persistent homology

The second decade (almost)

Directed network analysis

S. Chowdhury and F. Mémoli, ‘A functorial Dowker
theorem and persistent homology of asymmetric
networks’
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Persistent homology

The second decade (almost)

Analysing the capacity of neural networks

W. H. Guss and R. Salakhutdinov, ‘On characteriz-
ing the capacity of neural networks using algebraic
topology’
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Persistent homology

The second decade (almost)

Comparing GAN feature spaces

V. Khrulkov and I. Oseledets, ‘Geometry score: A
method for comparing generative adversarial net-
works’
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Persistent homology

The second decade (almost)

Persistence for mixture estimation

S. Huntsman, ‘Topological mixture estimation’
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Persistent homology

The second decade (almost)

New kernel based on Fisher information metric

T. Le and M. Yamada, ‘Persistence Fisher kernel:
a Riemannian manifold kernel for persistence dia-
grams’
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Persistent homology

The second decade (almost)

’ Persistence for clique communities ‘

R
e

B. Rieck et al., ‘Clique Community Persistence: A

topological visual analysis approach for complex net-

works’
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Persistent homology

The second decade (almost)
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Deep sets for persistence diagrams

M. Carriére et al., ‘PersLay: A Simple and Versatile
Neural Network Layer for Persistence Diagrams’

2013201420152016 201720182019

Perspectives in Persistent Homology

Bastian Rieck

16 September 2019



Persistent homology

The second decade (almost)
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Topology-aware training with a new loss

C. Hofer et al., ‘Connectivity-optimized representa-

tion learning via persistent homology’
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Persistent homology

The second decade (almost)

Learning filtrations

C. Hofer et al., ‘Graph filtration learning’
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Persistent homology

The second decade (almost)
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Optimising autoencoder representations

M. Moor et al., ‘Topological autoencoders’
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Persistent homology

The second decade (almost)
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Topology-based model selection

K. N. Ramamurthy et al., ‘Topological data analysis
of decision boundaries with application to model
selection’
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Persistent homology

The second decade (almost)
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Neural network complexity analysis

B. Rieck et al., ‘Neural Persistence: A complexity
measure for deep neural networks using algebraic
topology’
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Persistent homology

The second decade (almost)
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Topological features for graph classification

B. Rieck et al., ‘A persistent Weisfeiler-Lehman pro-

cedure for graph classification’
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Persistent homology

The second decade (almost)
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An optimised weight function for persistence images

Q. Zhao and Y. Wang, ‘Learning metrics for
persistence-based summaries and applications for
graph classification’
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Three challenges for the future



We need to reduce the computational burden

One issue with the calculation is that, given the com-
putational complexity of calculating ¢ (-), we scale
progressively worse with increasing batch size. In fu-
ture work this could be mitigated by approximating
the calculation of persistent homology or by exploit-
ing recent advances in parallelising it.

M. Moor et al., “Topological autoencoders’

Image credit: Prof. A.T. Fomenko
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We need to escape from Flatland

While it would be theoretically possible to include
higher-dimensional information about each layer G,
[...], we focus on zero-dimensional information in this
paper, because of the following advantages: i) the
resulting values are easily interpretable [...], ii) previ-
ous research indicates that zero-dimensional topolo-
gical information is already capturing a large amount
of information, and iii) persistent homology calcula-
tions are highly efficient in this regime [...].
B. Rieck et al., ‘Neural Persistence: A complexity measure for
deep neural networks using algebraic topology’

Image credit: Prof. A.T. Fomenko
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We need proper architectures

So far, however, persistent homology is used in a

T,
e
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FLITTIEETETT TR passive manner, meaning that the function f map-
(i L1 10 M AN . . . . .
A4/ TTTTTTTTTTTTIINNN ping simplices to R is fixed and not informed by the

T ettt

7ITIT EEEAARANN learning task. Essentially, tI?:s degrades persistent
7rrrr LELTLNAN homology to feature extraction step, where the ob-
7 ,fl'l"'ﬂ']'ﬂ'\'“\‘% tained topological summaries are fed through a suit-
’l'rrrrrrrrr\'ﬁ“j able vectorization scheme and passed to a classifier.
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Image credit: Prof. A.T. Fomenko

C. Hofer et al., ‘Graph filtration learning’
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Building intuition
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Pick suitable application domains

Graph classification Feature space analysis Time series classification
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Graph classification

Some impulses

New architecture Filtration learning Subtree features Weight functions
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Pick suitable application domains

Graph classification Feature space analysis Time series classification
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Pick suitable application domains

Graph classification Feature space analysis Time series classification

e V. Khrulkov and I. Oseledets, ‘Geometry score: A method for comparing generative adversarial networks’
e M. Moor et al., ‘Topological autoencoders’
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Pick suitable application domains

Graph classification Feature space analysis Time series classification

J. A. Perea et al., ‘SW1PerS: Sliding windows and 1-persistence scoring; discovering periodicity in gene expression
time series data’
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What to avoid

Round about the cauldron go;

In the persistent entrails throw.
Diagram that with many a pair
Makes the network look less bare.

Double, double toil and trouble;
Fire burn and cauldron bubble.

Persistent homology should not become another ‘ingredient’ in our networks that
we do not understand.
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How to write successful papers in topological machine learning
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Choose suitable comparison partners. Do not restrict yourself to
TDA-based techniques but choose the best techniques you can
find (including TDA baselines).

Good example: Q. Zhao and Y. Wang, ‘Learning metrics for persistence-based summaries
and applications for graph classification’

Pers
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How to write successful papers in topological machine learning

Show the benefits of persistent homology or TDA. Why TDA and
not something else?

]

Good example: V. Khrulkov and I. Oseledets, ‘Geometry score: A method for comparing
generative adversarial networks’
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How to write successful papers in topological machine learning

Explain TDA. What is the meaning of topological features for a
particular data set?

Good example: B. Rieck et al., ‘A persistent Weisfeiler-Lehman procedure for graph
classification’

Bastian Rieck
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Our tasks
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Standards

We need to harmonise and standardise our methods to encourage
sharing and the creation of frameworks.
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Benchmark data sets

@ We need benchmark data sets against which we can test all our

methods; plus, benchmarks help us present compelling examples.

ETHziirich Pers

ersistent Horr Bastian Rieck




Conclusion

AN Many interesting challenges lie ahead! If you want to help, | would
\ L= 3 / | ¢ h f )
o ey ove to hear from you:
o« bastian.rieck.me
N\ bastian.rieck@bsse.ethz.ch

), ¥ Pseudomanifold

Thank you very much for your attention!

ETHziirich Pers

Bastian Rieck 16 Sep


https://bastian.rieck.me
mailto:bastian.rieck@bsse.ethz.ch

Acknowledgements

Research

Christian Bock, Karsten Borgwardt, Thomas Gumbsch, Max Horn, Michael Moor,
Matteo Togninalli

lllustrations

The illustrations for the ‘Challenges’ have been created by Prof. A. T. Fomenko for
his book Homotopical Topology. He kindly gave permission to use them in this talk.

Icons

The icons were originally created by Freepik and Eucalyp from Flaticon. They have
been slightly modified in some cases.

s in Persistent Homology — Bastian Rieck 16 September 2019

ETHziirich Persy


https://christian.bock.ml
https://bsse.ethz.ch/mlcb/karsten/profile-karsten.html
https://bsse.ethz.ch/department/people/detail-person.MTcxODYy.TGlzdC8yNjY5LDEwNjI4NTM0MDk=.html
https://max.horn.ml
https://michaelmoor.ml
https://www.linkedin.com/in/mtogninalli
https://www.flaticon.com/authors/freepik
https://www.flaticon.com/authors/eucalyp
https://www.flaticon.com

