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via x = cos(y), Pearson’s correlation coefficient will not
be able to describe this relationship.

In these supplementary materials, we report some experimental results pertaining to the persistence indicator function (PIF) that we introduced in the paper.
We already noted in the paper that the PIF is not necessarily an injective function. Multiple persistence diagrams
may map to the same PIF. However, we claim that the PIF
is nonetheless a useful summary statistic of a persistence
diagram because it can be obtained easily and retains most
of the important features of the diagram. Moreover, the
Lp distance that we defined for comparing two PIFs can
be calculated much faster than the Wasserstein distance: it
only takes a linear amount time, while even approximating
Wasserstein distance calculations [4] are at the very least
of the order O(n1.6 ). In the following, we report experimental results that compare the behavior of PIFs and the
Wasserstein distance on several synthetic data sets.
1

Energy distance. Motivated by the shortcomings of
Pearson’s correlation, Székely and Rizzo [7] defined the
energy distance, which measures the distance between two
distributions. The energy distance is capable of detecting
even complex non-linear dependencies, making it a robust
choice for many tasks in multivariate data analysis [5].
Mantel test. The Mantel test [6] is a classical statistical test from ecology/geology that assesses the correlation
of two distance matrices. It assesses to what extent distances in the first matrix are similar to distances in the
second matrix. While the efficacy of the test is still an
issue of debate [3], we use it here because the results can
be interpreted easily—they are reported in the form of a
correlation coefficient between [−1, 1], just as for R2 .

Methodology

In order to analyze the suitability of PIFs for providing
distances, we need to analyze the correlation between distances measured by PIFs and distances measured using
the Wasserstein distance. If both distances turn out to be
uncorrelated, the PIF distance is unsuitable for topological data analysis. There are multiple approaches available
for measuring the correlation (or similarity) between two
distance matrices. We briefly comment on some of them.
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Random networks

The first experiment checks to what extent PIFs may discern different groups of randomly-wired networks from
each other. More precisely, we use a novel algorithm from
complex network analysis [2] to generate random weighted
networks with different linkage probabilities p. A typical
run of this experiment looks as follows:

Pearson’s correlation. The most common way of comparing two sets of measurements involves calculating
their correlation coefficient R2 . This coefficient measures
whether the two measurements are correlated. However,
this correlation measure is only capable of assessing linear
dependencies. If one set of measurements X is related to
another one Y by some non-linear function, for example

1. Create m = 500 random weighted networks with
n = 200 vertices each and a linkage probability of
either q = 0.1 or q = 0.2.
2. Normalize weights in all networks to [0, 1] in order
to make them comparable.
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3. Calculate clique persistence diagrams as described in
our paper. We calculate clique persistence diagrams
without a restriction to the k parameter—we want to
include all possible cliques.
4. Use the Wasserstein distance (with exponents p = 1
and p = 2) to obtain a distance matrix.
5. Repeat the previous step for the persistence indicator
functions (again with exponents p = 1 and p = 2).

(a) Wasserstein distance, p = 1

(b) PIF, p = 1

6. Analyze the correlation between the two distance
matrices, both quantitatively and qualitatively. For the
quantitative analysis, we use the correlation measures
as defined above. For the qualitative analysis, we take
a look at embeddings of the data.
What is the expected outcome of this analysis? First of all,
we expect two groups of networks to be identifiable by both
distance measures. Since a linkage probability of q = 0.1
gives rise to extremely different structures (e.g., cliques) (c) Wasserstein distance, p = 2
(d) PIF, p = 2
than q = 0.2, the Wasserstein distance should be capable
Figure 1: Distances matrices for the random graphs exof discriminating between both groups of networks.
periment. A clear group structure is visible for both sets
Qualitative analysis. Figure 1 depicts distance matri- of matrices.
ces for this experiment. We can see that two groups of
networks are visible in both matrices, as indicated by the
blocks of different colors. Note that there are almost no
visible differences between the two distance measures for
p = 1. Another qualitative comparison is shown in Figure 2, where we calculated embeddings of the distance
matrices using metric multidimensional scaling. Again,
both embeddings exhibit two easily-separable groups of
networks. For the PIF distance, we observe that a distortion (a) Wasserstein distance, p = 1
takes place: the two groups of networks are well-separated
by the Wasserstein distance with p = 2, forming two
groups of the same shape. This shape information gets lost
in the PIF embedding because PIFs are only approximations to persistence diagrams.
(c) Wasserstein distance, p = 2

Quantitative analysis. Finally, Table 1 shows the values
of the correlation measures for the two distances matrices.
We observe that all measures show that the matrices are
highly-correlated. Notice that we only calculated correlations between distances with the same exponent, e.g.,
we compared the Wasserstein distance and the persistence
indicator function distance with p = 1. It is interesting to

(b) PIF, p = 1

(d) PIF, p = 2

Figure 2: Embeddings of the distance matrices for the random graphs experiment. Each point represents a network
with a certain linkage probability. We can see that all networks with q = 0.1 (red) can easily be distinguished from
networks with q = 0.2 (blue) by both distance measures.
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Measure
2

R
Energy distance
Mantel

p=1

p=2

0.97
0.99
0.97

0.96
0.99
0.98

Table 1: Correlations for the random graphs distance matrices. We compared PIF distances with the Wasserstein
distance for two different exponents p.
(a) Wasserstein distance, p = 1

(b) PIF distance, p = 1

note that the energy distance shows the highest correlation
value because it is also suitable for non-linear dependencies.
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Torus vs. sphere

As a second set of experiments, we check whether PIFs
may be used to distinguish random samples of different
manifolds from each other. More precisely, we check (c) Wasserstein distance, p = 2 (d) PIF distance, p = 2
whether it is possible to discern a torus from a sphere.
To this end, we use an algorithm developed by Diaconis Figure 3: Torus vs. sphere: distances matrices of the
et al. [1] to obtain uniformly-distributed samples from Wasserstein distance and the persistence indicator function
manifolds. We then perform the following steps:
distance for different exponents.
1. Sample n = 500 points from a torus with a major
radius of R = 0.25 and a minor radius of r = 0.50.
Repeat this 50 times.
2. Sample the same number of points from a sphere
with the same surface area (in order to ensure that the
scales of both data sets are comparable). Repeat this
50 times.
(a) Wasserstein distance, p = 1

(b) PIF distance, p = 1

3. For both samples, calculate persistent homology in
dimension 1.
We then follow the steps from the previous experiment
to obtain distance matrices calculated using the Wasserstein distance as well as matrices calculated using the Lp
distance between PIFs.
(c) Wasserstein distance, p = 2

(d) PIF distance, p = 2

Qualitative analysis. Figure 3 depicts the results of this
experiment. We again observe that both sets of matrices Figure 4: Embeddings of the distance matrices for the
display a block structure. This block structure appears random samples (torus vs. sphere) experiment. Torus samto be virtually identical for p = 1, but becomes different ples (red) can be distinguished from sphere samples (blue).
for p = 2. Nonetheless, both sets of matrices clearly
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Measure

p=1

p=2

R2
Energy distance
Mantel

0.94
0.99
0.95

0.80
0.97
0.89
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exhibit the two groups used in the experiment. This is also
evidenced in the embeddings, which are shown in Figure 4:
both types of embeddings show that separating random
samples from a torus from those of a sphere is possible.
Note that the fact that both groups are not as well-separated
as in the previous experiment is a consequence of the
way we performed this experiment. Here, we only used [5]
1-dimensional persistent homology. If we also include
additional information from dimension 2, the separation
will be more evident.
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Quantitative analysis. The numerical experiments in
Table 2 also exhibit smaller correlation values than for the
previous experiment. In particular, there are now larger [7] Gábor J. Székely and Maria L. Rizzo. “Energy statisdifferences between exponents p = 1 and p = 2. With
tics: A class of statistics based on distances”. In:
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distance are still highly-correlated, though. The energy
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distance indicates that the two distance measures are still
very dependent, albeit in a non-linear manner. This shows
that distances based on PIFs are useful even though the
PIF is not an injective transformation in general.
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Conclusion

Experiments demonstrate that the PIF is a useful summary
statistic for persistence diagrams. We plan on investigating
more properties of the PIF in future work.
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